On paracompactness in cone metric spaces  by Sönmez, Ayşe
Applied Mathematics Letters 23 (2010) 494–497
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
On paracompactness in cone metric spaces
Ayşe Sönmez ∗
Istanbul University, Vezneciler, Istanbul, Turkey
a r t i c l e i n f o
Article history:
Received 9 November 2009
Received in revised form 16 December 2009
Accepted 21 December 2009
Keywords:
Compactness
Cone metric space
Paracompact space
a b s t r a c t
It is well known that anymetric space is paracompact. As a generalization of metric spaces,
cone metric spaces play very important role in fixed point theory, computer science, and
some other research areas as well as in general topology. In this paper, a theorem which
states that any cone metric space with a normal cone is paracompact is proved.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The idea of usingmetric spaces in a systematic fashion goes back to Fréchet [1] and is justified by its great success. An open
refinement of a collection of open sets is a new collection of open sets such that each set in the new collection is contained
in some set of the original collection. A cover is said to be locally finite if each point has a neighborhood intersecting only a
finite number of elements in the cover. Paracompactness of a metric space X means that every open cover of X has a locally
finite open refinement that covers X . A subset A of a metric space X is compact if any open covering of A has a finite sub-
covering. This is equivalent to the statement that any sequence x = (xn) of points in A has a convergent subsequence whose
limit is in A. Not all metric spaces are compact. As far as paracompactness is considered, we know that Stone’s theorem [2]
with the statement that any metric space is paracompact. Ornstein [3] and Rudin [4] gave two different proofs of Stone’s
theorem.
In 2007, Long-Guang and Xian [5] replaced the set of real numbers by an ordered Banach space in the definition of
metric and generalized metric space. The aim of this paper is to prove that every cone metric space with a normal cone is
paracompact.
Let E be a real Banach space. A subset P of E is called a cone if and only if
(C1) P is closed, non-empty, and P 6= {0},
(C2) a, b ∈ R, a, b ≥ 0, x, y ∈ P⇒ ax+ by ∈ P ,
(C3) x ∈ P and−x ∈ P⇒ x = 0.
In [5], it is defined a partial ordering≤with respect to P by x ≤ y if and only if y− x ∈ P and wrote x < y to mean that
x ≤ y but x 6= y. x y indicates y− x ∈ ◦P , where ◦P denotes the interior of P .
In most of the proofs in [5–8] cones are required to be restricted to a special case, namely to normal cones. A cone P is
called normal if there is a constant number K > 0 such that for all x, y ∈ E
0 ≤ x ≤ y implies ‖x‖ ≤ K‖y‖
where ‖.‖ denotes the norm of E.
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In this paper, we always suppose that E is a Banach space, P is a cone in E with
◦
P 6= ∅ and ≤ is partial ordering with
respect to P .
Recently, the following definitions have been given first by Long-Guang and Xian [5].
Definition 1. Let X be a non-empty set. Suppose that the mapping d : X × X → E satisfies for all x, y, z ∈ X
(CM1) d(x, y) = 0 if and only if x = y;
(CM2) d(x, y) = d(y, x);
(CM3) d(x, y) ≤ d(x, z)+ d(z, y).
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
Note that d(x, y) ∈ P for any x, y ∈ X since 0 = d(x, x) ≤ d(x, y) + d(y, x) = 2d(x, y). In other words, 0 ≤ d(x, y) for
any x, y ∈ X . If we replace the condition (CM1) by a weaker condition d(x, y) ≥ 0 for all x, y ∈ X , then we call such a d by a
cone quasi-(pseudo)-metric. Cone quasi-metrics might play important role in computer science as well as quasi-metrics.
From (CM3), we obtain by induction the following generalized triangle inequality
d(x1, xn) ≤ d(x1, x2)+ d(x2, x3)+ · · · + d(xn−1, xn).
A subspace of (Y ,
∼
d) of (X, d) is obtained if we take a non-empty subset Y ⊂ X and restrict d to Y × Y . Thus the cone metric
on Y is restriction
∼
d= d/Y × Y ,
where
∼
d is called the cone metric induced on Y by d.
In [9], Türkoğlu and Abuloha proved that any cone metric space is a topological space.
A cone is called regular if any monotonic increasing sequence which is bounded above is convergent. In other words, if
there exists a y ∈ E such that
x1 ≤ x2 ≤ x3 ≤ · · · ≤ xn ≤ · · · ≤ y,
then there is an x ∈ E with ‖xn − x‖ → 0 (n → ∞). It is easy to see that a cone is regular if and only if any monotonic
decreasing sequence which is bounded below is convergent.
Example 1 ([5]). Let E = R2 and P = {(x, y) ∈ E : x ≥ 0, y ≥ 0} ⊂ R2. P is a cone in R2. The partial ordering with respect
to this cone is as follows
(x1, y1) ≤ (x2, y2)⇔ x1 ≤ x2 ve y1 ≤ y2.
It is easily seen that
◦
P= {(x, y) ∈ E : x > 0, y > 0}. Now d : X × X → E defined by d(x, y) = (|x − y|, α|x − y|) is a cone
metric for any fixed non-negative real number α, where X = R. Then (R, d) is a cone metric space. It can be easily seen that
P is a normal cone with a normal constant 1.
Example 2 ([6]). Let E = `1,
P = {(xn)n≥1 ∈ E : xn ≥ 0, for all n},
(X, ρ) ametric space and d : X×X → E defined by d(x, y) =
{
ρ(x,y)
2n
}
n≥1
. Then (X, d) is a conemetric space and the normal
constant of P is equal toM = 1.
In [6], Rezapour and Hamlbarani proved that every regular cone is normal and there is not a normal cone with normal
constantM < 1. They showed that for each k > 1, there is a normal cone with normal constantM > k. For example, taking
k = 2 in their proposition, we get the following example.
Example 3. Let E = {ax+ b : a, b ∈ R; x ∈ [ 12 , 1]}with supremum norm and the cone
P = {ax+ b ∈ E : a ≤ 0, b ≥ 0}
in E. It can be shown that P is regular. Therefore, it is normal. Hence, P has a normal constantM such thatM ≥ 1. It is easy
to show thatM > 2.
Definition 2. If sup{x, y} exists for every x, y ∈ E, then P is called a minihedral cone. If every subset of E bounded above has
a supremum, then it is called a strongly minihedral cone.
If P is strongly minihedral cone, then every subset of E bounded below has an infimum.
Definition 3. Let (X, d) be a cone metric space, x ∈ X , and A be a non-empty subset of X . The distance between the set A
and the singleton {x} and the distance between two subsets A and B of X are defined as follows
d(x, A) = inf{d(x, a) : a ∈ A}, d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B}.
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2. Paracompactness
Now we prove the following two lemmas which will be used in the proof of our theorem.
Lemma 1. Let (X, d) be a cone metric space, A be a subset of X and c0 ∈
◦
P be a fixed element. Then B(x, c0) ⊂ Ac if and only if
c0 − d(x, A) 6∈
◦
P, where Ac denotes the complement of A.
Proof. First, we suppose that c0 − d(x, A) ∈
◦
P when B(x, c0) ⊂ At . Then there exists an a0 ∈ A such that c = c0−d(x,A)2 ∈
◦
P
for d(x, a0) d(x, A)+ c. Hence,
d(x, a0) d(x, A)+ c = d(x, A)+ c0 − d(x, A)2 =
d(x, A)+ c0
2
= c0 − c0 − d(x, A)2  c0.
This implies that a0 ∈ B(x, c0), which is a contradiction. Now suppose that it is not true that B(x, c0) ⊂ At when
c0 − d(x, A) 6∈
◦
P . Then there is a y ∈ B(x, c0) such that y ∈ A. Hence, c0 − d(x, A) ∈
◦
P , which is a contradiction. This
completes the proof of the lemma. 
Lemma 2. Let (X, d) be a cone metric space, and P be a normal cone with normal constant M. Then a subset K of X is closed iff
d(x, K) is different from 0 for each point x ∈ K c .
Proof. Let K be any closed subset of X . Then K c is open. We take any point x ∈ K c . Since K c is open, there is c0 ∈
◦
P such
that B(x, c0) ⊂ K c . Thus, c0 − d(x, K) is not an element of
◦
P by Lemma 1. If d(x, K) = 0, then we will have c0 6∈
◦
P , which is a
contradiction.
Conversely, suppose that d(x, K) 6= 0 for each x ∈ K c . Then δ0 = ‖d(x0, K)‖ > 0 for a constant element x0 of K c . On
the other hand, there is c0 ∈
◦
P such that ‖c0‖ < δ02M . It is easy to see that c0 − d(x0, K) 6∈
◦
P . By Lemma 1, it follows that
B(x, c0) ⊂ K c . This completes the proof. 
We note that a subset K of a cone metric space (X, d) is closed if and only if {x : d(x, K) = 0} ⊂ K .
The cardinal number ord (E,A) = card{A ∈ A : A ∩ E 6= ∅} is called degree of E according to the familyA. The family
A is called discrete family in X if for every x ∈ X there is Gx ∈ Bx such that ord(Gx,A) ≤ 1 whereBx denotes a base at the
point x.
Let (X, τ ) be a topological space and f : (X, τ )→ R, where R has its usual topology. For f we define
Z(f ) = f −1(0) = {x ∈ X : f (x) = 0} and X − Z(f ) = {x ∈ X : f (x) 6= 0}.
Z(f ) is called the zero set of f and X − Z(f ) is the complement of zero set of f . In this paper, f will denote a continuous real
valued function.
We prove that every cone metric space with a normal cone is paracompact in the following.
Theorem 1. Let (X, d) be a cone metric space, and P be a normal cone with normal constant K . Then X is a paracompact space.
Proof. Let G = {Gα}α∈Λ be open covering in a cone metric space (X, d), where the index set Λ is well ordered. For every
A ⊆ X and c ∈ ◦P
Sd(A, c) = {x ∈ X : d(x, A) c}
is open in (X, d). KA(c) = A− Sd(X − A, c) is closed since its complement Sd(X − A, c) is open. In addition, if A is open and
x ∈ A, since x 6∈ X − A, d(x, X − A) is different from 0. Hence, we find 0 < ‖d(x, X − A)‖ = δx. For δxK > 0 there is a cx ∈
◦
P
such that ‖cx‖ < δxK . Then we obtain x 6∈ Sd(X − A, cx) and x ∈ KA(cx). We define
Kn,α = Gα −
(
Sd(X − Gα, cn) ∪
⋃
β<α
Gβ
)
(∀(n, α) ∈ N×Λ)
closed set, cn denotes
c0
n for all n and a fixed c0 ∈
◦
P . Since cn+1  cn, Kn,α ⊆ Kn+1,α for all (n, α) ∈ N × Λ. Thus, if Kn0,α is
different from empty set, Kn,α 6= ∅ for all n ≥ n0. We denote the intersection KGα (cn) = Gα−Sd(X−Gα, cn) and X−
⋃
β<α Gβ
by Kn,α . Thus, Kn,α is closed for all (n, α) ∈ N×Λ. Then
X =
∞⋃
n=1
⋃
α∈Λ
Kn,α =
⋃
(n,α)∈N×Λ
Kn,α.
We can assume that Kn,α is non-empty set. In addition
Kn,α ∩ Sd(X − Gα, cn) = ∅.
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Moreover, we takeα different fromβ , sayβ < α. Since Kn,α ⊆ X−⋃γ<α Gγ ⊆ X−Gβ , we find Sd(Kn,α, cn) ⊆ Sd(X−Gβ , cn).
Therefore, we obtain that Kn,β ∩ Sd(Kn,α, cn) = ∅, i.e. cn − d(Kn,β , Kn,α) 6∈
◦
P . In this case,Un = {Sd(Kn,α, c3n)}α∈Λ family is
discrete for all n ∈ N since Sd(x, c6n) open ball intersect at most one member of this family for each x ∈ X . Sd(Kn,α, cn) and
X − Gα are separate since Kn,α ∩ Sd(X − Gα, cn) = ∅. In this case, since 0 c3n  cn for all (n, α) ∈ N×Λwe obtain
Sd(Kn,α, c3n) ⊆ Gα.
For fU(x) = ‖d(x, X − U)‖ (∀x ∈ X) that is continuous and real valued, where U is open, we find U = [0 < fU ] = {x :
fU(x) > 0}. Nowwe see that any non-empty open subset of a conemetric space is a complement zero set. Consequently, the
countable coveringU = {Un}n∈N whose members are complement zero set has a locally finite open refinement {Wn}n∈N for
Un =⋃Un =⋃α∈Λ Sd(Kn,α, c3n) (∀n ∈ N). Hence, the open covering
W = {Wn ∩ Sd(Kn,α, c3n) : (n, α) ∈ N×Λ}
is a locally finite open refinement of G since each familyUn is discrete andWn = Wn ∩⋃α∈Λ Sd(Kn,α, c3n), ∀n ∈ N. 
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